We discuss a possible variation of the Gambaudo-Ghys construction, which produces homogeneous quasi-morphisms on the group of compactly supported areapreserving diffeomorphisms of an open two-dimensional disc from quasi-morphisms on the groups P n of pure braids on n strings. We formulate sufficient conditions for a knot invariant under which it yields a quasi-morphism on the full braid group B n on n strings and show that some specific knot invariants satisfy this condition. We also present the result of the computation of the homogeneous quasi-morphisms, obtained by the Gambaudo-Ghys construction, on the time-one flow of a generic time-independent Hamiltonian in terms of its Reeb graph.
Introduction
Real-valued quasi-morphisms are known to be a helpful tool in the study of algebraic structure of non-Abelian groups, especially the ones that admit a few or no (linearly independent) real-valued homomorphisms. Recall that a quasi-morphism on a group G is a function ϕ : G → R which satisfies the homomorphism equation up to a bounded error: there exists K ϕ > 0 such that 
we get a homogeneous (possibly trivial) quasi-morphism ϕ.
The group D of compactly supported area-preserving diffeomorphisms of an open two-dimensional disc is known to admit many (linearly independent) homogeneous quasimorphisms (see e.g. [4] , [12] , [6] ). In this paper we consider a particular construction, due to Gambaudo and Ghys [12] , which produces quasi-morphisms on D from quasimorphisms on the groups P n of pure braids on n strings. The quasi-morphisms on P n are constructed, in turn, from certain invariants of n-component links in R 3 in the following way: close up a pure braid in a link in the standard way and take the value of the invariant on that link. The link invariant used by Gambaudo and Ghys is the signature. To show that the homogenization of the resulting quasi-morphism on D is non-trivial, Gambaudo and Ghys evaluate it on a diffeomorphism generated by a (compactly supported) time-independent radially symmetric Hamiltonian function on the disc (i.e. on a diffeomorphism which is the time-1 map of the Hamiltonian flow generated by the Hamiltonian function).
In this paper we discuss possible variations of the Gambaudo-Ghys construction involving other link and knot invariants. In particular, we formulate sufficient conditions for a knot invariant to yield a quasi-morphism on the full braid group B n on n strings and so on P n . We also consider two specific remarkable knot/link invariants: the Rasmussen link invariant s [25] , which comes from a Khovanov-type theory, and the knot invariant τ [23] , which comes from the Ozsvath-Szabo knot Floer homology. In [2] Baader has shown that the Rasmussen invariant s defines a quasi-morphism on B n . We show that the homogenization of this quasi-morphism is equal to the classical linking number homomorphism on B n . We also show that the situation with the Oszvath-Szabo invariant τ is similar: it defines a quasi-morphism on B n and its homogenization is again the linking number homomorphism multiplied by 2. In both cases the resulting homogeneous quasi-morphisms on D are homomorphisms, equal, up to a non-zero multiplicative constant, to the Calabi homomorphism.
We also discuss the computation of the quasi-morphisms on D, obtained by Gambaudo-Ghys construction, on a diffeomorphism generated by a time-independent (compactly supported) Hamiltonian H. For a generic Hamiltonian H of this sort we present the result of the computation in terms of the Reeb graph of H and the integral of the push-forward of H to the graph against a certain signed measure on the graph. This result enables us to show that the Calabi homomorphism and the induced signature quasi-morphism on D are asymptotically equivalent on flows generated by time-independent (compactly supported) Hamiltonians.
Plan of the paper. In Section 2 we will discuss the Gambaudo-Ghys construction. In Section 3 we will formulate sufficient conditions for a knot invariant to yield a quasimorphism on the full braid group B n . In Section 4 we will give examples of such knot invariants and homogeneous quasi-morphisms on the group D defined by these knot invariants. In Section 5 we will define a set of generic time-independent Hamiltonians, and discuss the computation of the quasi-morphisms (defined by knot invariants) on the elements of D generated by these Hamiltonians.
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Gambaudo-Ghys construction
In this section we will recall the construction of homogeneous quasi-morphisms on the group D = Dif f ∞ (D 2 , ∂D 2 , area) of area-preserving diffeomorphisms of the closed unit disc D 2 ⊂ R 2 identical near the boundary. Note that this group is path-connected and contractible [10] , and that any identity-based path {h t }, 0 ≤ t ≤ 1, can be viewed as a Hamiltonian flow generated by a (time-dependent) Hamiltonian H : D 2 ×[0, 1] → R, such that the support of H t := H(·, t) is compact for any t. We will denote the space of such Hamiltonians by H. We will denote the space of autonomous (i.e. time-independent) Hamiltonians by H 0 .
Let us now recall a few preliminaries concerning quasi-morphisms and braids. The defect of a quasi-morphism ϕ on a group G is a minimal positive number
From now on, if ϕ is a quasi-morphism, then the induced homogeneous quasimorphism obtained by the homogenization of ϕ (see (1)) will be denoted by ϕ.
We denote by B n the group of braids on n strands. The pure braid group P n ⊂ B n will be identified with the fundamental group π 1 (X n , z) of the space X n of the ordered n-tuples of distinct points in D 2 , where z = (z 1 , . . . , z n ) ∈ X n is a base point in X n . Denote by σ 1 , . . . , σ n−1 the standard generators of B n . Given a braid γ ∈ B n , denote by l(γ) the braid length of γ, that is the length of the shortest word representing γ with respect to the generators σ 1 , . . . , σ n−1 .
We will work with homogeneous quasi-morphisms on P n which are restrictions of homogeneous quasi-morphisms on B n , or, equivalently, with homogeneous quasi-morphisms ϕ : P n → R such that ϕ(h) = ϕ(g −1 hg) ∀g ∈ B n ∀h ∈ P n (e.g. [15] ). Such a quasimorphism on P n will be called B n -invariant. This is a technical condition−the results below are likely to hold for all homogeneous quasi-morphisms on P n .
The following construction, due to Ghys and Gambaudo [12] , takes a B n -invariant homogeneous quasi-morphism on P n and produces from it a quasi-morphism on D.
Fix a base point z = (z 1 , . . . , z n ) ∈ X n , and let x = (x 1 , . . . , x n ) be any other point in X n .
Take g ∈ D and any path g t , 0 ≤ t ≤ 1, in D between Id and g. Connect z i to x i by straight lines l 1,i : 0,
. . , n, yield a loop in X n . The homotopy type of this loop is an element in P n , which is independent of the choice of g t because D is contractible. We will denote this element by γ(g; x 1 , . . . , x n ).
Let ϕ be a B n -invariant homogeneous quasi-morphism on P n . Set
Lemma 2.1 (Gambaudo-Ghys). The function Φ is well defined. It is a quasi-morphism on D.
As an immediate corollary we get that the formula
Proof.
Step 1. We will prove that |Φ(h)| < ∞ for h ∈ D.
For any isotopy h t , 0 ≤ t ≤ 1, in D between h = h 1 and Id, and any
where · is the Euclidean norm. Note that L ht i,j (x) is the length of the path
divided by 2π. Thus we get the following inequality
Denote the extension of the B n -invariant homogeneous quasi-morphism ϕ : P n → R to a homogeneous quasi-morphism on B n by the same symbol ϕ.
Note that for any homogeneous quasi-morphism ϕ : B n → R one has
It follows from (5) that:
where
Inequalities (4) and (6) yield the following inequality:
It follows that
Denote by h i,j t = h t (x i ) − h t (x j ) and note that
It follows from Cauchy-Schwartz inequality that
Let H ∈ H be a Hamiltonian generating the flow h t , 0 ≤ t ≤ 1. Note that
Thus:
.
Recall that h t is a Hamiltonian flow and so is area preserving. Then:
Note that
is some positive constant. Thus by using the polar coordinates on B δ (x j ) we get
Denote by N ′ = 4Nn(n + 1)
Step 2. We will prove that Φ is a quasi-morphism. Let g 1 and g 2 be elements of D.
Note that for almost all (
The diffeomorphisms g 1 and g 2 are area-preserving. Thus
From now on if we have a B n -invariant homogeneous quasi-morphisms ϕ n : P n → R, then the induced homogeneous quasi-morphisms on D will be denoted by Φ n .
3
Quasi-morphisms on B n Given a braid γ ∈ B n , we denote by γ the link obtained by closing up the braid in the standard way. See Figure 1 for an example.
One of the ways to find a quasi-morphism on B n is to find an R−valued invariant I of (isotopy classes of) links in S 3 so that
where K I > 0 depends only on I. An example of such an invariant is the link signature -this was proved in [12] . In this section we will formulate a sufficient condition for a knot invariant under which it yields a quasi-morphism on B n . As a corollary we will define another quasimorphism on B n using the knot invariant τ , which comes from the knot Floer homology.
The four-ball genus of a knot K in S 3 is the minimal genus of an oriented surface with boundary, which is embedded in D 4 and whose boundary is K ⊂ S 3 = ∂D 4 . It will be denoted by g 4 (K). For any knot K, K * denotes its mirror image, and −K denotes the same knot with the reversed orientation. For any two knots K 1 and K 2 the knot K 1 #K 2 represents their connected sum. For each k ∈ N we will denote by L k the set of all words written as a product of only non-negative powers of standard generators of B n of the length k. We will define a total order on L 1 by setting
This order induces a total lexicographic order ≺ on L k for any k ∈ N. Thus in each subset of L k there exist a unique word which is minimal with respect to ≺ . For any braid β ∈ B n there exists a unique positive braid α β ∈ B n which satisfies the following properties:
1. The closure of α β β is a knot.
2. The braid α β is represented by a unique minimal word in the set L k , where
Definition 3.2. Given a knot invariant I, we define a function
by I(β) = I( α β β), where α β is defined above.
For example I| Pn is defined as follows: I(β) = I( αβ), where α = σ 1 · . . . · σ n−1 .
Theorem 3.3. Suppose that a knot invariant I satisfies the following properties:
where c is some positive real constant independent of K. Then I defines a quasimorphism on B n .
Proof. To simplify the notation we will prove here that I| Pn is a quasi-morphism. In the same way it is easy to prove that I : B n → R is a quasi-morphism. Take any β, γ ∈ P n . Note that there is a saddle cobordism S 1 with χ(S 1 ) = −1 between ( αγ * # αβ * ) and −( αγ * ⊔ αβ * ). Note that α * is an unknot, so there is a cobordism S 2 between − α * and a closure of an identity braid e with χ(S 2 ) = 1 − n. Then there is cobordism S 3 between −( γ * ⊔ α * ) and γ * ⊔ e * , such that χ(S 3 ) = 1 − n. See Figure 2 . In the proof of Theorem 2 in [2] Baader showed that for any 2 braids µ and ν in B n there is a cobordism of an Euler characteristic −n between µν and −( µ ⊔ ν). Thus there is a cobordism S 4 between αγ * and − γ * , such that χ(S 4 ) = 1 − 3n. And so there is a
such that the image of an embedding of ∂D 2 is the knot K. It is a well known fact that for any knot K the knot K# − K * is a slice knot. Thus
is a slice knot. Therefore
where g 4 is the four ball genus. Together with property (10) this yields:
Recalling that I(K
In the next section we will present the following three knot/link invariants: the Ozsvath-Szabo knot invariant τ , the Rasmussen link invariant s, and the link signature. It is well known that all of them satisfy equations (8), (9), (10) and (11) . Thus by Theorem 3.3 they define quasi-morphisms on B n .
It would be interesting to find a knot invariant I, independent from the signature, τ and the Rasmussen invariant s, such that I satisfies equations (8), (9), (10) and (11), and such that it homogenization is non-trivial.
Examples

Signature quasi-morphism
Now we will recall the definition of the signature link invariant. Let L be an oriented link in S 3 , then by the Seifert algorithm [18] there exists an oriented surface S L with bound-
, then there exists a symmetric bilinear form on H 1 (S L , Z), which is defined as follows:
where lk is the linking number and a + i is a push of the curve, which represents a i in S L , from S L along the positive normal direction to S L . Tensoring by R we get a symmetric bilinear form on H 1 (S L , R). The signature of this form is independent of the choices of the Seifert surface and the basis of H 1 (S L , Z), see [18] . Thus it is an invariant of L and is denoted by sign(L). The following proposition was proved by Gambaudo and Ghys in [12] . Our Theorem 3.3 gives another proof of this proposition. We will denote the induced homogeneous quasi-morphism on B n by sign n . The induced homogeneous quasi-morphism on D is denoted by Sign n,D 2 .
Proposition 4.2. 1. For every n > 2 the homogeneous quasi-morphism sign n : B n → R is not a homomorphism. 2. The restriction of sign n to P n is not a homomorphism.
The proof will be given in Section 5. Surprisingly, the proof of the second claim involves the Calabi homomorphism C : D → R (for various definitions of this homomorphism see [8] , [11] and [20] ). It would be interesting to see a direct proof of the second claim.
Theorem 4.3. For each g ∈ D generated by an autonomous Hamiltonian
The proof will be given in Section 5.
Rasmussen quasi-morphism
The Rasmussen invariant s(K) of a knot K in S 3 was discovered by Jacob Rasmussen in 2004 (see [25] ). This is a very powerful knot invariant, which, for example, gives a lower bound on the four-ball genus of a knot. It comes from the Lee theory, which is closely related to the Khovanov homology. For more information see [16] and [17] . Recently this invariant was extended to links by Beliakova and Wehrli [5] . It has many interesting properties. We list here eight of them:
Figure 3: On the left there is a positive crossing and on the right there is a negative crossing.
where K + and K − are knots, which differ by a single crossing and this crossing is positive in K + and negative in K − (see Figure 3) .
where 
where D(K) is some diagram of a knot K (see [2] ). In fact, it is shown in [2] that property (18) follows from properties (14), (16) and (17) . For an alternating knot K
where sign is the signature knot invariant. In his paper [2] Baader proved that the Rasmussen link invariant s defines a quasimorphism on the braid group B n , with a defect bounded by n + 1. Alternatively, we see z1 z2 z3 zn z1 z2 zn Figure 4 : The braid β = σ 1 σ 2 . . . σ n−1 and its closure is an unknot.
that s satisfies properties (12), (13), (14) and (15) . Thus our Theorem 3.3 proves that s defines a quasi-morphism on B n . The induced family of homogeneous quasi-morphisms on D is well defined and is denoted by Ras n .
Theorem 4.4. Suppose that ϕ : B n → R is a quasi-morphism defined by a link invariant, which satisfies property (18) . Then ϕ = lk.
Proof. Take α ∈ B n . Then for all p > 0 there exists a positive braid β p in B n , such that α p β p is a knot and l(β p ) ≤ L(n), where l is a braid length and L(n) depends only on n. For example if α ∈ P n , than we can take β p = β = σ 1 · . . . · σ n−1 for all p ∈ N. See Figure 4 . Note that w(D( α p β p )) = lk(α p β p ). It follows from the property (18) that:
For all p > 0 there exist a constant K(n) > 0, such that |ϕ(β p )| < K(n). Also note that the following inequality |lk(β p )| ≤ L(n) is true for all p > 0, where L(n) is some positive real constant. Thus:
Therefore lim
. Now ϕ is a quasi-morphism with a defect K ϕ and so
It follows that Corollary 4.6. Each α ∈ B n satisfies s(α) = lk(α). If γ ∈ B n is an alternating braid, then sign(γ) = −lk(γ).
Proof. The first statement follows directly from Theorem 4.4. Now we will prove the second statement.
Using the fact that sign is a quasi-morphism we get the following equality
In [2] Baader defined the following quasi-morphism:
This quasi-morphism maps all positive braids to zero. Therefore it descends to the quasi-morphism on B n / ∆ n , where ∆ 2 n is the positive generator of the center Z(B n ) of B n . In [2] Baader asked whether this quasi-morphism is bounded for n > 2. Here we give a positive answer to this question.
Proof. Take any braid β ∈ B n and the positive braid α β defined in Section 3. Using the fact that s is a quasi-morphism, s(α β ) ≤ n − 1, and lk(α β ) ≤ n − 1 we get the following inequality |s(β) − lk(β)| ≤ |s(βα β ) − lk(βα β )| + 3(n − 1).
It follows from property (18) that
This yields: |s(β) − lk(β) + n − 1| ≤ 5(n − 1).
The last inequality shows that this quasi-morphism is bounded on B n and thus also on B n / ∆ n .
The proof of the following theorem is almost identical to the proof of Theorem 2.4 in [11] by Gambaudo and Ghys. It will be presented in Section 5.
Theorem 4.8. For every g ∈ D
Ras n (g) = 2n(n − 1)π n−1 · C(g).
τ quasi-morphism
In [23] Ozsvath and Szabo defined a knot invariant τ coming from the knot Floer homology. This invariant satisfies in particular the following properties:
where α ∈ B n is a positive braid, such that α is a knot. The first five properties were proved in the paper of Ozsvath and Szabo [23] and the last property was proved by Livingston in [19] . Proof. The first statement follows directly from Theorem 3.3. Note that property (18) follows from properties (21), (25) and (26), where s is substituted by 2τ . The lower bound is proved exactly as in [26] and the upper bound is true, because of the property (21) combined with the lower bound. Thus the second statement follows from the proof of Theorem 4.4.
ω-signature quasi-morphisms
In this section we will define for each n ≥ 2 a family of quasi-morphisms on B n and will show that this family gives a basis for S = { ϕ : A n → R| ϕ is a homogeneous quasi-morphism on B n }, where A n = η + 2,n , η − 2,n , . . . , η + n,n , η − n,n . As we will show in Section 5, in order to evaluate a homogeneous quasi-morphism on D, defined by means of the Gambaudo-Ghys construction, on the time-one flow of a generic autonomous Hamiltonian, one only needs to know the values of the corresponding quasi-morphism on P n on the set A n . Now we will remind the definition of the ω-signature link invariant, where ω = 1 is a complex number. Let L be an oriented link in S 3 . Choose any Seifert surface S L . Choose a basis {a 1 , . . . , a 2g+|L|−1 } in H 1 (S L , Z) , then there exists a bilinear form B on H 1 (S L , Z), which is defined as follows:
where lk is the linking number and a + i is a push of the curve, which represents a i in S L , from S L along the positive normal direction to S L . Tensoring this form by C, we get a bilinear form on H 1 (S L , C). The signature of the following hermitian form on
is independent of the choice of the Seifert surface and the base for H 1 (S L , Z), see [18] . Thus for each ω this signature is a link invariant denoted by sign ω (L).
Gambaudo and Ghys proved in [12] that sign ω is a quasi-morphism on B n . Alternatively, Theorem 3.3 shows that sign ω is a quasi-morphism on B n . The homogeneous quasi-morphism will be denoted as usual by sign ω . Recall that the torus link K(p, q) has a braid representation (σ 1 · ... · σ p−1 )
q . Suppose that ω = e 2πiθ , where θ ∈ [0, 1] ∩ Q. Then it follows from Proposition 5.1 and Proposition 5.2 in [13] that:
, where 1 ≤ l ≤ n. 
Also note that for all l, r ∈ N, such that l ≥ i and r ≥ i, the following equation holds
It follows that:
After a simple calculation combined with the last equality and (27) we get the result.
Proof. If n = 2, it is obvious because sign ω( (28), and also we have the following equality:
Note also that sign ω (η i,i ) = sign ω (η i,n ). For 3 ≤ i ≤ n this yields
Thus B is a basis for S. In this section we will show that Φ is continuous in some sense on the space H 0 (see Theorem 5.11).
Autonomous Hamiltonians
It follows from Theorem 2.7 in [21] that Morse type Hamiltonians form a C 1 -dense subset of H 0 . For any Hamiltonian H in this subset we will present a calculation of Φ on the time-one flow of H (Theorem 5.4). Our result will be presented in terms of the integral of the push-forward of H to the Reeb graph of H against a certain signed measure on the graph. Now let us explain how we associate to H and ϕ the Reeb graph T H of H and the signed measure µ e ϕ on T H .
Definition 5.2. A charged tree T is a finite tree equipped with a signed measure, such that each edge has a total finite measure.
Given a tree T with l edges we will number them once and for all and denote them by e 1 , ..., e l . Now we are ready to explain how we associate to (H, ϕ) a charged tree (T H , µ e ϕ ). Let H ∈ H 0 be a Morse type function with r critical points in D 2 \ U , where U is as in Definition 5.1. Let c = ∂U \ ∂D 2 and suppose that the area of the domain U is 2πε for some ε > 0.
Step 1. Here we will recall the notion of angle-action symplectic coordinates. Cut ] → R, such that on each level curve δ i in A i one has H| δ i = i (I i ), where the coordinate I i along δ i is equal to the area of the annulus bounded by δ i and c i , divided by 2π. In these coordinates h t moves points on each level curve with a constant speed
. Take the coordinates (I 0 , θ 0 ) on A 0 , where
is the area coordinate divided by 2π, and θ 0 is the angle coordinate. Note that 0 = 0, and Step 2. Here we will associate to the Morse type function H ∈ H 0 its Reeb graph. Contract each connected component of each level set of H to a point. As a result one gets a graph called the Reeb graph of H. It will be denoted by T H . One can check that in our case this is a tree. Its vertices correspond to the connected components of critical level sets of H. We will view T H as a rooted tree with the root being the vertex of T H corresponding to the domain U . Example 5.3. Figure 5 shows a Reeb graph with 5 edges and 6 vertices, such that 3 of them correspond to the maximum points, 2 of them correspond to the saddle points and the root corresponds to the region bounded by the curves c and ∂D 2 .
We call the Reeb graph simple if it has only 2 vertices and one edge. Note that the Reeb graph is simple if it corresponds to the monotone radial function, which is constant in the neighborhood of zero.
Step 3. The action coordinate on any of the annuli induces a coordinate I j on the corresponding edge e j of T H . Thus each H ∈ H 0 descends to a function : T H → R, where (x) = j (x), and x ∈ e j , for each open edge e j . Here j ∈ {0, . . . , a r }. Let's define a signed measure µ e ϕ on T H by setting
for each j ∈ {0, . . . , a r }, where I j is a coordinate on each edge e j .
Theorem 5.4. Let H ∈ H 0 be a Morse type function, and ϕ : B n → R a homogeneous quasi-morphism, and Φ is the corresponding homogeneous quasi-morphism on D. Then
where h 1 is the time-one Hamiltonian flow generated by H.
Sketch of the proof. Suppose that the corresponding Reeb graph T H has l edges. Take an n-tuple (x 1 , . . . , x n ) ∈ X n so that each x i is not a critical point of H, and H(x i ) = H(x j ) for each x i , x j such that the corresponding points in T H lie on the same edge. For the simplicity we will assume that there is a sequence of natural numbers
n i = n, and the projections of the points x 1 , . . . , x n 1 on T H lie on the edge e 1 , the projections of the points x n 1 +1 , . . . , x n 1 +n 2 on T H lie on the edge e 2 and so on.
Let h t be a Hamiltonian flow generated by H. Take p ∈ N. Then
for some γ i,p (h 1 ; x 1 , . . . , x n ) ∈ P n , which pairwise commute with each other, and for some α 1,p and α 2,p . The braids α 1,p ∈ B n and α 2,p ∈ B n depend on (x 1 , . . . , x n ) ∈ X n , p ∈ N and H. For all n ∈ N there exists a constant M(n) > 0, which depends only on n, such that for each (x 1 , . . . , x n ) ∈ X n as above and for each p ∈ N this constant satisfies the following inequations:
depends on the integer p, the function H, the points
and on the position of the points whose projections on T H do not lie on the edge e i . For β ∈ P k we define β k,m ∈ P k+m to be an image of β under the standard inclusion of P k into P m+k . It means that β k,m = β ⊔ Id m , where the identity braid Id m ∈ P m is placed on the right of the braid β ∈ P k . We denote
It is easy to see that each γ i,p (h 1 ; x 1 , . . . , x n ) is conjugate to the braid β(i, p) n i ,n−n i . Thus the conjugacy class of each γ i,p (h 1 ; x 1 , . . . , x n ) depends only on the integer p, the function H and the points x n 1 +n 2 +...+n i−1 +1 , . . . , x n 1 +n 2 +...+n i .
We denote by dx = dx 1 · . . . · dx n . Note that any homogeneous quasi-morphism restricts to a homomorphism on an abelian subgroup, and is constant on any conjugacy class. Thus
and
where dx n i = dx n 1 +n 2 +...+n i−1 +1 · . . . · dx n 1 +n 2 +...+n i−1 +n i , A j is an annulus which corresponds to an edge e j for all 0 ≤ j ≤ l, and X A i ,n i is the space of ordered n i −tuples of different points in A i . Denote the last integral in Equation (33) by I i . Thus equations (32) and (33) tell us that in order to compute Φ(h 1 ) it is enough to know the value I i for each 1 ≤ i ≤ l. We will compute I i by applying action-angle coordinates on the domain A i .
From now on we will discuss only the model case, where the function H| D 2 \U has 2 maximum points and 1 saddle point. The level curves of H are presented in Figure  6 . Let us cut the disc into 4 pieces, by cutting it along it critical level curves, which passes through the critical points, and by cutting it along a curve c and ∂D Let η + i,k,n be a pure braid in P n , in which the i + k−th strand makes one twist in the positive direction around previous i − 1 strands, and let η − i,k,n be a pure braid in P n , in which the i + k−th strand makes one twist in the negative direction around previous i − 1 strands (see Figure 7) . If k = 0, then instead of η i,0,n we will write η i,n .
For
generates an abelian subgroup of P n . It is easy to see that for each 2 ≤ j ≤ k 2 the braids η j,k 1 ,n and η j,n are conjugate. Thus ϕ(η j,k 1 ,n ) = ϕ(η j,n ).
Take the points (I
Take the points (I , . . . , θ 1 , θ
where [·] stands for the integer part. Using the fact that η
, and that ϕ is a homogeneous quasi-morphism, we get:
. . . dI
×n is the domain which is determined by the following inequali-
. We had to multiply by (2π) n , because there are n angle coordinates. In order to count all the ordered n-tuples of points we had to multiply by n!. After a simple computation (see [7] ) we get
Proof of Theorem 4.8. The theorem of Banyaga [3] states that ker(C) is a simple group, where C : D → R is a Calabi homomorphism. Thus there exists a homomorphism
Restricting Ras n and C on a 1-parametric subgroup of D, on which they do not vanish, one easily sees that v is continuous. It means that
where K n is some constant in R which depends only on n. Take H : D 2 → R, such that H equals zero near the boundary, and such that H has two maximum points and one saddle point. The level curves of H are shown in Figure  6 . Denote by g the time-one Hamiltonian flow generated by H. An explicit calculation of Ras n using Theorem 5.4 and C on g shows that the homomorphism v has the form
Remark 5.5. The formula (29) fits in with Theorem 4.8 when ϕ = lk is a canonical homomorphism lk : B n → Z, such that lk(σ i ) = 1, lk(σ −1 i ) = −1 and σ i is a standard generator of B n . Remark 5.6. For each n > 1 the homogeneous quasi-morphism Φ n , defined by a homogeneous quasi-morphism ϕ : P n → R, is not continuous in C 0 -topology. The case n = 2 was proved by Gambaudo and Ghys in [11] . The proof in the case n > 2 is almost identical to their proof.
Recall that sign n : B n → R is a quasi-morphism for all n ≥ 2. The induced family of homogeneous quasi-morphisms was denoted by Sign n,D 2 . In [12] Gambaudo and Ghys proved that all of them are non-trivial and linearly independent. In the case where the Reeb graph of H is simple they showed that 
where h 1 is the time-one Hamiltonian flow defined by a Morse type Hamiltonian H.
Proof.
Recall that η i,n is a pure braid in P n , in which the i−th strand makes one twist in the positive direction around previous i − 1 strands. Using the fact (see page 148 in [22] ) that sign n (η i,n ) = − i, if i is even, 1 − i, if i is odd it is easy to prove the following formula: if n is even, and sign n (α n ) = − n 2 −1 2n
if n is odd. Thus if n is even then:
− n 2 = sign n (α n ) = sign n (α n−1 ) + sign n (σ n−1 ) = − (n − 1) 2 − 1 2n − 2 − 1, and if n is odd then:
= sign n (α n ) = sign n (α n−1 ) + sign n (σ n−1 ) = − n − 1 2 − 1.
Claim 2. Suppose that sign n : P n → R is a homomorphism. Then Sign n,D 2 : D → R is a homomorphism. Let C : D → R be the Calabi homomorphism. Using the theorem of Banyaga [3] , which states that ker(C) is a simple group, we get that there exists a homomorphism κ : R → R such that
Sign n,D 2 = κC.
Restricting Sign n,D 2 and C on a 1-parametric subgroup of D, on which they do not vanish, one easily sees that κ is continuous. Hence κ(y) = K n y for all y ∈ R, and
where K n is some real constant which depends only on n. But using Proposition 5.7, we see that this is impossible for n > 2.
Proof of Theorem 4.3.
Step 1. Suppose that g is generated by a Morse type Hamiltonian H ∈ H 0 . Then using (37) we get after a simple computation that lim n→∞ Sign n,D 2 (g) π n−1 n(n − 1) = −C(g).
Step 2. Suppose that g is generated by any H ∈ H 0 . Then there exists a Morse type function F ∈ H 0 , which is C 1 -close to H (see Theorem 2.7 in [21] ). Now the statement follows from Theorem 5.11. ) ∂t dtdxdy.
Lemma 1 in [14] shows that G({ψ t }) is well defined. Denote by G(g) = inf G({ψ t }), where the infimum is taken over all isotopies in D joining the identity with g. Lemma 2 in [14] states that for all g and h in D G(gh) ≤ G(g) + G(h).
Thus the following limit exists:
